This article deals with existence results of Caputo fractional neutral inclusions without compactness in Banach space using weak topology. In fact, for weakly sequentially closed maps we apply fixed point theorems to obtain the existence of the solution. Furthermore, the results are manifested for fractional neutral system held by nonlocal conditions. To justify the application of the reported results an illustration is presented.
Introduction
The dynamical behavior of real life phenomenon are summarized by essential tools such as fractional differential equations (FDEs) in a precise manner. This aspect is the main convenience of derivatives with fractional-order versus integer-order models. FDEs and inclusions have obtained many interest for their applications in different fields, such as engineering, physics, mechanics, and mathematical modelling, because they are more practical and realistic to describe many natural phenomena. Compared with ordinary and partial differential systems, fractional differential systems have the strong prospect to modulate the real time issues with high efficiency. The goal of analyzing fractional differential systems for the above, major analysis [2-4, 6, 7, 12, 23, 25-28, 30-32, 38, 40, 42, 47, 48, 56-58] had been carried out. El-Sayed and Ibrahim in [24] . were the first who considered fractional differential inclusions.
Furthermore, differential inclusions are used to model many realistic problems, arising from optimal control, economics, and so on. Recently, by using various techniques, the mild solutions together with other issues for different types of nonlinear fractional evolution inclusions have been studied in [1, 5, 13-17, 21, 22, 33, 43-45, 49-52, 54, 55, 59] .
We recall that several techniques and noncompact measures are used to achieve the outcome of the differential systems. Most of these papers, assumed the compactness of the semi group or alternatively a compactness condition on the nonlinear part (generally a measure of noncompactness). In [46] , Ravichandran et al. analyzed the controllabil-ity of impulsive fractional integro-differential systems utilizing a contraction principle. Li [33] studied the controllability results for neutral impulsive inclusion systems using the Dhage fixed point theorem. The controllability for evolution inclusions without compactness was studied by Benedetti et al. [15] . To the best of our knowledge, the existence of mild solutions of Caputo fractional neutral differential inclusions without compactness has not been studied and this is the main motivation of this work, is to prove the existence of Caputo fractional neutral differential inclusions with weak topology, and without compactness. We investigate the following Caputo fractional neutral inclusion in Banach space:
where b is positive in nature, A represents the infinitesimal generator of a C 0 -strongly
The aim of this paper is to derive some sufficient conditions for the existence of neutral differential inclusions in Banach space. Furthermore, we expand the result to get the conditions for neutral differential inclusions with nonlocal conditions. In this paper another procedure is considered, it utilize the weak topology of the state space.
Considering the importance of modeling of crisis phenomena, one may extend the analysis to the existence of solutions for a three step crisis integro-differential equation. Also in order to rise the applicability of the fractional calculus, many researchers assumed a new type of fractional derivatives with different kernels. By exploiting it, one can examine the existence of solutions for high-order fractional differential equations using the Caputo-Fabrizio derivative [8-11, 36, 37] .
The layout of this artical is as follows: The preliminaries and notations are listed in Sect. 2. The existence results are discussed in Sect. 3, and in Sect. 4 we investigate the same fractional system supported by nonlocal conditions. An illustration is offered to enhance the abstract technique.
Basic tools
Here, we present a few fundamental facts on fractional theory and theorems in order to use them in the manuscript.
Let (ii) χ m (u) χ(u), for every u ∈ [0, b]. In addition to that, we state some results that will be utilized further as a part of this manuscript. Theorem 2.1 (Donal O'Regan fixed point theorem [39] ) Let F be a metrizable locally convex linear topological space and U be a weakly compact, convex subset of F and C(U) the family of nonempty closed, convex subsets of U. If G : U → C(U) possesses weakly sequentially closed graph then G admits a fixed point. 
such that the function g(p) posses absolutely continuous derivative up to (m -1).
Definition 2.3 ([31])
The expression of the Caputo derivative for g :
Existence results
Below, we demonstrate some sufficient conditions for the existence of (1.1)-(1.2) coupled with weak topology.
(
Additionally, we require that the multivalued nonlinearity function H :
Y possess nonempty convex and weakly compact values.
In connection with the above consideration, we determine the solution of (1.1)-(1.2).
and, for θ ∈ (0, ∞), 
We define the operator Λ :
At first, we show that S 1 and S 2 are continuous. For any z n , z ∈ C([0, b]; Y) and z n → z (n → ∞), using (H 5 ), for every u ∈ [0, b], we get
Also for any χ n , χ ∈ L 1 κ 1 ([0, b]; Y) and χ n → χ (n → ∞), using (H 6 ), we can have, for every u ∈ [0, b],
Taking into account the Lebesgue theorem, we conclude, as n → ∞,
It indicates that the operators S 1 and S 2 are continuous.
For n ∈ N, Φ n , the closed ball of radius n in C(
, the limitation of Λ on Φ n . Next we illustrate the qualities of Λ n . Proposition 3.2 Λ n possess a weakly sequentially closed graph. [19] ). By z m ∈ Λ n (p m ), there is a sequence {χ m }, χ m ∈ Υ ℘m, provided for all u ∈ [0, b], we get
By reference to (H 6 ), χ m (u) ≤ μ n (u), for almost everywhere u and every m. It means that {χ m } is bounded, uniformly integrable and {χ m (u)} is bounded in Y for almost everywhere u ∈ [0, b]. By the Dunford-Pettis theorem [13] , we can conclude that there exist a subsequence, represented as the sequence, and functions g 1 , g 2 provided z m g 1 in
. Therefore, we have S 1 z m S 1 g 1 and S 2 χ m S 2 g 2 . In this connection, let the linear continuous operator e : Y → R. The operators S 1 and S 2 are linear and continuous, therefore we have 
Proposition 3.3 Λ n is weakly compact.
Proof At first, we show that Λ n (Φ n ) is relatively weakly sequentially compact.
Let us consider ℘ m ∈ Φ n and z m ⊂ C([0, b]; Y) such that z m ∈ Λ n (℘ m ) for all m. For Λ n , there exists a sequence {χ m }, χ m ∈ Υ ℘m , provided that
for every u ∈ [0, b]. Therefore, by Proposition 3.2, there exist a subsequence, represented by the sequence, and functions g 1 , g 2 provided z m g 1 in C([0, b]; Y) and χ m g 2 in
Furthermore, by the nature of weak convergence of χ m , by (H 1 ), we have 
Proposition 3.4 Λ n has convex and weakly compact values.
Proof Fixing ℘ ∈ Φ n , taking into account that H is convex valued and the characteristics of T(u) and S(u), it implies that Λ n (℘) is convex. By reference to Proposition 3.2 and Proposition 3.3, Λ n (℘) has weakly compact values.
Next we list out the essential outcomes of this part. Proof We have to confirm that Λ maps Φ n into itself for n ∈ N. Assume by way of contradiction that there exist {z n }, {x n } such that z n ∈ Φ n , x n ∈ Λ n (z n ) and x n / ∈ Φ n , for every n ∈ N. Therefore for a sequence {χ n } ⊂ L 
Then, for n ∈ N,
, which leads to a contradiction. Therefore x n ∈ Φ n . Now, fix n ∈ N such that Λ n (Φ n ) ⊂ Φ n . By Proposition 3.3, the set V n = Λ n (Φ n ) w is weakly compact. Let ξ n = co(V n ), be the closed convex hull of V n . According to Theorem 2.3, ξ n denotes a weakly compact set. In addition to that Λ n (Φ n ) ⊂ Φ n and Φ n is a closed convex set. Furthermore we have ξ n ⊂ Φ n , and we have
This shows that Λ n possesses a weakly sequentially closed graph. As a result by utilizing Theorem 2.1, we conclude that the system (1.1)-(1.2) recognizes a solution. 
2)
then (1.1)-(1.2) possess at least a mild solution.
Proof By reference to Theorem 3.1, assuming that there exist {z n }, {x n } provided z n ∈ Φ n , x n ∈ Λ n (z n ) and x n / ∈ Φ n , for every n ∈ N, we get
which contradicts (3.2). The conclusion refers to Theorem 2.1, like Theorem 3.1. 
3)
Proof We have to ensure that Λ maps the ball Φ L into itself. For any z ∈ Φ L , x ∈ Γ (z), we conclude
This indicates that (1.1)-(1.2) possess at least a mild solution.
Nonlocal conditions
The active desire for analyzing fractional systems with nonlocal problems comes mainly from theoretical physics. The outcomes regarding the existence of Cauchy problems using nonlocal conditions were firstly investigated by Byszewski [20] . Many papers [13, 21, 34, 35, 53] have acknowledged the facts of the existence, controllability and uniqueness for varied nonlinear fractional systems and abstract differential systems. Motivated by the above discussions, this part deals with the existence of (1.1)-(1.2) as
where ϕ : C([0, b]; Y) → Y fulfills the following conditions:
In order to show the high accuracy, we always refer the nonlocal condition in the place of initial condition z(0) = z 0 . Particularly, ϕ(z) can be formulated as
where K i (i = 1, 2, 3, . . . , n) are constants and 0 < t 1 < t 2 < · · · < t n ≤ b. 
such that T(u) and S(u) are defined as in Definition 3.1. Proof We introduce the solution operator Λ :
It should be noted that we recognize that Λ possesses a fixed point by employing the techniques utilized in Theorems corresponding to initial conditions. The proof is similar, therefore we omitted it.
An example
Let us consider the model: 
Conclusion
This manuscript addresses the existence of Caputo fractional neutral inclusions without compactness in a Banach space by using weak topology. Further, the results are derived for fractional neutral system where nonlocal conditions hold. Our theorem guarantees the effectiveness of the existence, which is the result of the system concerned.
